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Abstract 

We continue our investigation of the Gauss variational problem for infinite dimensional 
vector measures associated with a condenser (Ai)i S i. It has been shown in Potential Anal., 
"^J ■ DOI:10.1007/sllll8-012-9279-8 that, if some of the plates (say At for t € L) are noncom- 

' pact then, in general, there exists a vector a = ((n)ier, prescribing the total charges 

on Ai, i £ I, such that the problem admits no solution. Then, what is a description of 
£N) ' all the vectors a for which the Gauss variational problem is nevertheless solvable? Such a 

_ characterization is obtained for a positive definite kernel satisfying Fuglede's condition of 

perfectness; it is given in terms of a solution to an auxiliary extremal problem intimately 
related to the operator of orthogonal projection onto the cone of all positive scalar mea- 
C*") , surcs supported by \J eeL At. The results are illustrated by examples pertaining to the 

Riesz kernels. 

■ Subject classification: 31C15. 
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C3 ■ 1 Introduction 

£: 

The interest in minimal energy problems in the presence of an external field, which goes back 
to the pioneering works by Gauss [13] and Frostman [5] , was initially motivated by their direct 
1 relations with the Dirichlet and balayage problems. A new impulse to this part of potential 

theory (which is often referred to as the Gauss variational problem) appeared in the 1980's 
when Gonchar and Rakhmanov [TH [T5] , Mhaskar and Saff [33] efficiently applied logarithmic 
potentials with external fields in the investigation of orthogonal polynomials and rational ap- 
proximations to analytic functions. E.g., the vector setting of the problem, earlier suggested 
by Ohtsuka [27] Section 2.9], has nowadays become particularly interesting in connection with 
Hermite-Pade rational approximations (see [T] H"4 ] [15 ] fTTl l25l [28] ) . 

t— I ■ However, the potential-theoretical methods applied in these studies were mainly based on the 

vague (=weak*) topology, which made it possible to establish the existence of a solution only 

for vector measures of finite dimensions and compact support, though with a rather general 

rS ! matrix of interaction between their components. See, e.g., [27] Theorem 2.30]. 

H . 

In order to treat the Gauss variational problem for vector measures fi = {n l )iei of infinite 
dimensions and/or noncompact support, associated with a condenser, in |36| we have suggested 
an approach based on introducing a metric structure on the class of all fi with finite energy, 
which agrees properly with the vague topology, and also on establishing an infinite dimensional 
version of a completeness theorem (see below for details). 

This enabled us to obtain sufficient conditions for the solvability of the problem (see [36] 
Theorem 8.1]); moreover, we have shown these sufficient conditions to be sharp by providing 
examples of the nonsolvability (see [36] Examples 8.1, 8.2]; see below for some details). 

It is worth emphasizing that, as is seen from these examples, such a phenomenon of the 
nonsolvability occurs even for the Coulomb kernel \x — in R 3 and a standard condenser 
of two oppositely signed plates, one of them being noncompact, which at first glance looks to 
be rather surprising because of an electrostatic interpretation of the problem. 
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The purpose of this study is to establish conditions that are simultaneously necessary and 
sufficient for the solvability of the problem in the infinite dimensional vector setting. 

To formulate the problem and to outline some of the results obtained, we start by introducing 
relevant notions. In all that follows, X denotes a locally compact Hausdorff space and 971 = 
9Jt(X) the linear space of all real-valued scalar Radon measures v on X equipped with the 
vague topology, i.e. the topology of pointwise convergence on the class Co(X) of all continuous 
functions (p on X with compact support 

A kernel k on X is meant to be an element from $(X x X), where <fr(Y) consists of all lower 
semicontinuous functions -0 : Y — > (— oo, oo] such that ip > unless Y is compact. Given 
v, v\ 6 9Jt, the mutual energy and the potential relative to the kernel k are defined by 

k(u, v\) := J K(x,y)d(u<2)vi)(x,y) and «(-,!/):= f n(-,y) dv(y), 

respectively. (When introducing a notation, we always tacitly assume the corresponding object 
on the right to be well defined — as a finite number or ±oo.) For v — V\, n(v, v\) defines the 
energy of v. Let £ = £ K consist of all v G 9JI with — oo < k(v, v) < oo. 

We shall mainly be concerned with a positive definite kernel k, which by |10) means that it is 
symmetric (i.e., n(x,y) — n(y,x) for all x,y G X) and k(v,v), v G 9JI, is nonnegative whenever 
defined. Then £ forms a pre-Hilbert space with the scalar product v\) and the scminorm 
||f||f := HHU '■— V v )- The topology on £ defined by this seminorm is called strong. A 
positive definite kernel k is strictly positive definite if the seminorm || • ||f is a norm. 

Recall that a measure v is concentrated on a set E C X if E c := X\E is locally ^-negligible; 
or equivalently, if E is {/-measurable and v = v\e, where v\e is the trace of v on E (see, e.g., 
[H [5]). Let 971^ be the convex cone of all nonnegative measures concentrated on E, and let 
£+ ■= 9Jt+ n £ . We also write M+ := and £+ := £+. 

The interior capacity of a set E relative to the kernel n is given by the formul£0 

C(E) :=C K (E) := l/inf K (v,u), 
where the infimum is taken over all v G £g with v(E) = 1. 

We consider a countable, locally finite collection^] A = (Ai) ie i of closed sets, called plates, 
Ai G X with the sign +1 or —1 prescribed such that the oppositely signed sets are mutually 
disjoint. Let 9Jt + (A) stand for the Cartesian product Y\ ieI 97t + (Ai); then /x G 9Jt + (A) is a 
(nonnegative) vector measure (p l )i e j with the components // G 9Jl + (Ai). The topology of 
the product space Yl ieI 9Jl + (Ai), where every 9Jl + (Ai) is endowed with the vague topology, is 
likewise called vague. If fi G 9JI + (j4) and a vector- valued function u = (ui)ie/ with the \x % - 
measurable components Ui : Ai — > [—oo, oo] are given, then we write (it, (J,) := J2iei I Ui ^A* l O 

In accordance with an electrostatic interpretation of a condenser, we assume that the inter- 
action between the charges lying on the conductors Ai, i € 7, is characterized by the matrix 
(ajOj)i,je/, where oti := sign^. Given fi, fi 1 G 9JI + (j4), we define the mutual energy 

k((x, fij) := a.ajKifi 1 ,^) (1.1) 
i.jei 



1 When speaking of a continuous function, we understand that the values are finite real numbers. 
2 Throughout the paper, the infimum over the empty set is taken to be +oo. 
3 If 7 is a singleton, then we preserve the normal fonts instead of the bold ones. 

4 Here and in the sequel, an expression Cj is meant to be well defined provided that so is every 

summand c; and the sum does not depend on the order of summation — though might be rtoo. Then, by the 
Riemann series theorem, the sum is finite if and only if the series converges absolutely. 
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and the vector potential k^(x), x G X, as a vector- valued function with the components 

K lt( x ) := oti(XjK(x, /i J ), i € I. (1-2) 

For /i = /Lt l5 the mutual energy «(|U, jU-J defines the energy of fi. Let £ + (j4) consist of all 
fj, G with — oo < k(/x, /Lt) < oo. 

Fix a vector-valued function / = (fi)iei, where each fi : X — > [—00, 00] is treated as an external 
field acting on the charges on A;. Then the f -weighted vector potential and the f -weighted 
energy of fi G £ + (A) are defined by 

W„ := k m + /, (1.3) 
G f (n):=K(»,») + 2(f,»), (1.4) 

respectively. Throughout this paper, we assume thalH 

fi(x) = a>iK(x,x) for all iel, (1.5) 

where a (signed) measure x € £ is given, and we also write G x (fi) := Gf(fi). 
Also fix a numerical vector a = (a^itzj with a,; > for all z G / such that 

\a\ := a, < 00 (1.6) 

iez 

and a continuous function g on A := U ie j A$ with 

g in{ := inf 0(a) > 0. (1.7) 

We are interested in the problem of minimizing G x (fi) over the class of all fi G £ + {A) normal- 
ized by (g, /i 1 } = a, for all i £ I, referred to as the Gauss variational problem. 

The main question is whether minimizers A in the problem exist. If the condenser A is finite 
and compact, the kernel k is continuous on A( x Aj whenever on =^ ctj, and fi G < i ) (X) for 
all i £ I, then the existence of those A can easily be established by exploiting the vague 
topology only, since then the class of admissible vector measures is vaguely compact, while 
Gf(fi) is vaguely lower semicontinuous. See [2TJ Theorem 2.30] (cf. also O [T5l [25l [28] for the 
logarithmic kernel in the plane). 

However, these arguments break down if any of the above-mentioned four assumptions is 
dropped, and then the problem on the existence of minimizers becomes rather nontrivial. In 
particular, the class of admissible vector measures is no longer vaguely compact if any of 
the Ai is noncompact. Another difficulty is that, under assumption (|1.5j) . the /-weighted 
energy Gf([i) might not be vaguely lower semicontinuous. 

For a positive definite kernel satisfying Fuglede's condition of consistency between the strong 
and vague topology on £ + (see Definition 12.11 below) , these difficulties have been overcome 
in |36j in the frame of an approach based on the following crucial arguments. 

5 The results obtained and the approach developed in 1361 also hold provided that /, 6 "^(X) for all i £ I 
(which is, in particular, the case if each fi is the potential of a Dirac measure). However, for a finer analysis 
to be carried out in the present study in order to establish necessary and sufficient conditions of the solvability, 
we need to assume the external field to be generated — in the sense of l|1.5|l — by a charge of finite energy. 

6 For a background of this approach, see the pioneering work by Fuglede I10| (where / = {i}, g = 1, and 
/ = 0) and also the author's studies 32 - 35] (where J is finite). 
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The set £ + (A) has been shown to be a semimetric space with the semimetric 

r„ . -i 1/2 

(*2\\e+(A) ■= [2_^ -/4>Mi » (1-8) 

i,jei 

and one can define an inclusion R of £ + (A) into £ such that £ + (A) becomes isometric to its 
i?-image, the latter being regarded as a semimetric subspace of the pre-Hilbert space £ . See [361 
Theorem 3.1]; cf. also Theorem 14.11 below. We therefore call the topology of the semimetric 
space £ + (A) strong. 

Another crucial fact is that if, in addition, the kernel k is bounded from above on the product 
of the oppositely signed plates, then the topological subspace of £ + {A) consisting of all n with 
J2iei ^ b (where b is given) is strongly complete. Moreover, the strong topology on this 

subspace is in agreement with the vague one in the sense that any strong Cauchy net converges 
strongly to each of its vague cluster points. See [36l Theorem 9.1]; cf. also Theorem 14.21 below. 

All these enabled us to prove in |36] that if, moreover, g is bounded from above, then the Gauss 
variational problem is solvable provided that each Ai either is compact or has finite interior 
capacity. See [36l Theorem 8.1]; cf. also Theorem 15.11 below . 

However, if some of the plates, say Ai for < 6 L, are noncompact and have infinite interior 
capacity then, in general, there exists a vector a such that the problem admits no solution. 
See Examples 8.1 and 8.2 in [3B], illustrating such a phenomenon of the nonsolvability (cf. also 
Example 15.11 below; see also [18j [26] for some related numerical experiments) . 
Then, for given k, A, g, and %, what is a description of the set S K (A, g, x) of all vectors a for 
which the Gauss variational problem is nevertheless solvable? 

In this paper, such a characterization is established; it is given in terms of a solution to an 
auxiliary extremal problem intimately related to the operator of orthogonal projection onto the 
cone of all positive scalar measures supported by U^ 6i Ag. In the case where L is a singleton, 
the description obtained is complete. 

To give a hint how it looks like, we start with the following example, where L — {£} while k 
is the Riesz kernel n a (x,y) = \x — y\ a ~ n of order a 6 (0,2], a < n, in M. n , n ^ 2. For this 
kernel, the operator of orthogonal projection in £ Ra onto £\ t is, in fact, the operator of Riesz 
balayage /3^™ onto Ae, related to the notion of a-Green function g°^ of A c t by the formula 

9ac( x :V) := Ka(x,£y) ~ K a (x, (3 £ E y ) , 

e y being the unit Dirac measure at y (see, e.g., [22l Chapter 4, Section 5]). 

Example 1.1 Under these hypotheses, let the Euclidean distance between the oppositely 
signed plates be nonzero, Ai n Ag = for all i ^ £, C Ka (Ai) > 6 > for all i G /, and 
let x G ^K a be compactly supported in A c . 

Proposition 1.1 Then the set S Ka (A, g,x) consists of all vectors a = (aj)igj such fcha/Q 

^(fl.fl^X + X)^)), (1.9) 

where (o~ l )i^e is a solution (it exists) to the problem of minimizing the a-Green energy 

V- i 2 



over all (//)j^ with the properties that i ^ I, is supported by Ai and (g,fi l ) = di 



7 Note that ^2 i7 t e otiu 1 is a scalar Radon measure due to the local finiteness of A, so that formula ( 11.9ft 
makes sense. 
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The rest of the paper is organized as follows. In Sections [4] and [5] we summarize without proof 
some results from [36], necessary for the understanding of the subject matter. A description of 
the set S K (A, g, x) is provided by Theorems l7.2l and l7.3[ the main results of the study; it is given 
in terms of a solution A to an auxiliary extremal problem (see Section [5] for its formulation), 
while the existence of this A is guaranteed by Theorem 17.11 The proofs of Theorems 17. 1[ 17.21 
and 17.31 are provided in Sections [101 HH an d EH respectively; see also Sections [3] [8] [9] and [12] 
for some crucial auxiliary results. Finally, Section [7.21 contains some further examples with the 
Riesz kernels, illustrating the results obtained. 

2 Preliminaries 

We write S(v) or S v for the support of v G 9JI. A measure v is called finite if S v is compact, 
and bounded if |f|(X) < oo. Here \v\ := v + + i>~ , where v + and v~ are respectively the positive 
and negative parts in the Hahn- Jordan decomposition of v. 

In this section we assume the kernel k to be positive definite. Then £ forms a pre-Hilbert space 
with the scalar product n(v,vx) and the seminorm \\v\\ := \\v\\e '■= \W\\k '■= y v ), while 
the potential k(-,v) of any v G £ is well defined and finite nearly everywhere (n.e.) in X, i.e. 
except for a subset with interior capacity zero; see jlOj . 

In minimal energy problems, the following lemma from [10 is often useful. 

Lemma 2.1 Consider a convex set T~L C £ and assume there exists A-^ G H such that 

\\X H \\ = min \\u\\. 

Then 

ll^-Awf^lMlMlA^I 2 ^r all v G H. 
2.1 Consistent and perfect kernels 

In addition to the strong topology on £, determined by the seminorm ||^||, sometimes we shall 
consider the weak topology on £, defined by means of the seminorms v (— \ \k{v, fi)|, v\ G £ 
(see, e.g., [ID]). The Cauchy-Schwarz inequality 

\k(v, v\)\ ^ ||f|| H^ill, where v, V\ G £, 

implies immediately that the strong topology on £ is finer than the weak one. 

In [101 111] , Fuglede introduced the following two equivalent properties of consistency between 

the induced strong, weak, and vague topologies on £ + : 

(Ci) Every strong Cauchy net in £ + converges strongly to any of its vague cluster points; 

(C2) Every strongly bounded and vaguely convergent net in £ + converges weakly to the vague 
limit. 

Definition 2.1 Following Fuglede [10], we call a kernel k consistent if it satisfies either of the 
properties (Ci) and (C2), and perfect if, in addition, it is strictly positive definite. 

Remark 2.1 One has to consider nets or filters in 3Jl + instead of sequences, since the vague 
topology in general does not satisfy the first axiom of countability. We follow Moore's and 
Smith's theory of convergence, based on the concept of nets (see [24]; cf. also [8] Chapter 0] 
and [211 Chapter 2]). However, if X is metrizable and can be written as a countable union of 
compact sets, then 9Jt + satisfies the first axiom of countability (see [10] Lemma 1.2.1]) and the 
use of nets may be avoided. 
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Theorem 2.1 (Fuglede [10]) A kernel k is perfect if and only if £ + is strongly complete and 
the strong topology on £ + is finer than the vague one. 

Remark 2.2 In R", n ^ 3, the Newtonian kernel \x — y\ 2 ~ n is perfect . 4 . So are the Riesz 
kernels \x — y\ a ~ n , < a < n, in R™, n)2|l||, and the restriction of the logarithmic kernel 
— log \x — y\ in R 2 to the open unit disk [22]. Furthermore, if D is an open set in R™, n ^ 2, 
and its generalized Green function go exists (see, e.g., [20] Theorem 5.24]), then the kernel go 
is perfect as well [7]. 

It is seen from Definition ^. 1 1 and Theorem 12 . 1 1 that the concept of consistent or perfect kernels is 
an efficient tool in minimal energy problems over classes of nonnegative scalar Radon measures 
with finite energy. Indeed, Fuglede's theory of capacities of sets has been developed in [10] 
for exactly those kernels. The following fundamental result of this theory will often be used 
belowH 

Theorem 2.2 Assume that the kernel k is consistent. Then for any set EcX with C{E) < oo 
there exists a measure 9e & £J with the properties 



This 0e, called an interior equilibrium measure associated with E, is a solution to the problem 
of minimizing v) over the class Te of all v G £ such that n(x, v) ^ 1 n.e. in E, and it is 
determined uniquely up to a summand with seminorm zero. 

Remark 2.3 In [35] [36] we have shown that the concept of consistent or perfect kernels 
is efficient, as well, in minimal energy problems over classes of vector measures of finite or 
infinite dimensions, associated with a condenser A. This is guaranteed by a theorem on 
the completeness of certain topological subspaces of the semimetric space £ + (A) (see [35] 
Theorem 13.1] and [35] Theorem 9.1], cf. also Theorem 14.21 below ; compare with Theorem l2.ip . 

3 Auxiliary results related to scalar measures 

In the following Lemmas 13. 1113. 51 the kernel is arbitrary (not necessarily positive definite) . 

Lemma 3.1 (Fuglede [10]) For any given E C X, it holds that C(E) = <S=^> £% = 0. 

Lemma 3.2 If v 6 £g is bounded, then any proposition holds u-almost everywhere [v-a.e.) 
in X, provided that it holds n.e. in E. 

Proof. Indeed, then E is j/-integrable and hence, by Proposition 4.14.1], any locally ^-neg- 
ligible subset of E is ^-negligible. Since, according to Lemma 13. 1[ a set of interior capacity 
zero is locally ^-negligible for any £ G £ + , the lemma follows. □ 



8 Compare with [351 Theorem 10.1], generalizing Theorem 12.21 to the interior capacities of condensers with 
finitely many plates. 



e E (x) = \\0 E \\ 2 = c(e), 

k(x, Qe) ^ 1 ri.e. in E, 
k{x,6 e ) ^ 1 for all x G S{9 E ). 



(2.1) 
(2.2) 



G 



3.1 On continuity of potentials 

We shall need the following lemmas on continuity, the first being well known (see, e.g., |10|). 



Lemma 3.3 For any ip £ 3>(X) the map v H> (ip, v) is vaguely lower semicontinuous on 97t + . 
In particular, this implies that the potential k(-, v) of any v £ 97t + belongs to $(X). 

Lemma 3.4 Assume that v £ 97t + is bounded, k(x, y) is continuous for x ^ y and 

sup n(x,y) < oo for every compact K C S^. (3-1) 

xeK, yes,, 

Then the potential k(-, v) is continuous at every xo ^ S v . 

Proof. Having fixed a point xq ^ S v and its compact neighborhood V Xo so that V Xo (1 S v = , 
we consider the function k*(x, y) on V XQ x S v defined by 

K*{x,y) := -n(x,y) + sup n{x\y'). (3.2) 

Under the hypotheses of the lemma, k* is nonnegative and continuous; hence, 

k*(x,v) = J K*(x,y)du(y), x£V Xo , 

is lower semicontinuous as the potential of v £ 97t + relative to the kernel k*. 

On the other hand, integrating (|3.2[) with respect to the (bounded) measure v, we conclude 
from assumption (|3.1|) that k*{x, v), x £ V XQ , coincides up to a finite summand with the 
restriction of — n(x, v) to V XQ . What has been shown just above therefore implies that —/«(•, v) 
is lower semicontinuous at xq, and the lemma follows. □ 



Definition 3.1 A kernel k is said to possess the property (oox) if n(-.y) — > as y — > oox 
uniformly on compact sets; then for every e > and every compact K C X there exists a 
compact set K' C X such that \k(x, y)\ < e for all x £ K and y £ X \ K' . 

For any 6 e (0, oo), write M b := {v £ 9tt : \v\(X) < b}. 

Lemma 3.5 Fix a closed set F C X, a closed subset Q of F c , and b £ (0, oo). If a kernel 
n{x,y) is continuous for x ^ y and possesses the property (oox), then the mapping 

(x, v) i-> k{x, v) on Q x (OJtJ n 97t b ) 

is continuous in the product topology where Q and 97tJ R 97t{, are considered to be topological 
subspaces of X and 971, respectiveJyo 

Proof. Fix xo, x s £ Q and ^o, ^ s G 971^ n 97t/,, s £ S, such that (x s , ^ s ) — >■ (xo, i^o) (as s ranges 
along S) in the topology of the product space Q x (9Tt^ n 97th) . We need to show that 

k(x , i/ ) = lim k(x 8 , v s ). (3.3) 



9 Compare with [101 Lemma 2.2.1, assertion (b)]. 
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Due to the property (oox), for any e > one can choose a compact neighborhood W xo of the 
point xq and a compact neighborhood W of the set W Xo so that W Xo fl F = and 

|«(ar,y)| < sb' 1 for all (z,y) G W Xo x W c . (3.4) 

Certainly there is no loss of generality in assuming V := W PI F ^ 0. 

Let -E CF and 9p-E denote respectively the complement and the boundary of E relative to F, 
where F is treated as a topological subspace of X. Having observed that k\w xq xf is continuous, 
we proceed by constructing a function <p G Co(Wx x F) such that 

<p\w xo xV = k\w xo xV, (3-5) 

|<^(a;,y)| efc" 1 for all {x,y) G W Xo x y Cj? . (3.6) 

To this end, consider a compact neighborhood V* of V in _F and write 



5 := 



k on W Xo x <9 F V, 
on W Xo x 



Note that K := (W xo x dpV) U (W^ x 3pT4) is a compact subset of the Hausdorff and compact 
(hence, normal) space W Xo x V*, while the function g is continuous on K. By using the Tietze- 
Urysohn extension theorem (see, e.g., [8j Chapter 0]), we deduce from relation (|3.4|) that there 
exists a continuous function g : W Xg X V* — > [— eb~ 1 ,eb~ 1 ] such that g\x = q\k- Hence, the 
function in question can be defined by means of the formula 

k on W Xo x V, 
g on W X0 x {V m \V), 
on W X0 x V^. 

Furthermore, since such a function ip is continuous on W xo x F and has compact support, one 
can choose a compact neighborhood U Xa of xq in W Xo so that 

\ip(x,y) - <p(x 0) y)\ < eb^ 1 for all (x,y) E U Xo x F. (3.7) 

Therefore, for any v G 2tJ n 9Jt{, and a; G U Xo we get, due to relations (|3.4|) — (|3.7p . 

\k(x, v\w°)\ < e, (3-8) 



«(a;,i/|w)= <p(x,v)d(v -v\ w °){y), 



ip(x,y) dv\ W c(y) 



^ e. 



(3.9) 
(3.10) 
(3.11) 



Choose sq G S so that for all s G 5 that follow sq there hold a; s G U Xg and 



(p{x ,y)d{v s - u )(y) < e. 

Combined with relations (|3.8p - (|3.11[) , this shows that for all s ^ sq, 

\k(x s ,v s ) - k{x ,v q )\ ^ \k(x s , v s \w) ~ k(xq,vq\w)\ + 2e 



(p(x s ,y)dv s {y)- / ip(x ,y) dis (y) 



4s 



[<p(x s ,y) - ip(x ,y)] du s (y) + tp{x Ql y) d(v s - v ){y) 



4e 



s$ e + e + 4e = 6e, 
which in view of the arbitrary choice of e establishes 



□ 
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3.2 Orthogonal projections in B 

Throughout this section we require the kernel k to be perfect (see Definition 12. f I) . 

Fix v € B and a closed set FcX with C(F) > 0, and let Pp be the operator of orthogonal 
projection in the pre-Hilbert space £ onto the convex cone £+ (see Sect ion 1.12.3]; note 
that £p ^ due to Lemma f3 . 1 [) . Then Ppv is a measure in Bp such that 

||i/ -PHI = inf II"- "II = : 0(",£f)- 

Observe that treated as a metric subspace off, is complete in consequence of Theorem l2.11 
hence, according to [8j Theorem 1.12.3], Ppi/ exists and is determined uniquely. 

Lemma 3.6 If K ranges through the increasing filtering family {K}p of all compact subsets 
of F, then 

Pkv — > Pfv strongly and vaguely. 

Proof. For each K £ {K}f one can certainly assume C(K) > 0, which causes no loss of 
generality because of C(F) — sup KcF C(K) (see (TUl p. 153]); hence, the projection Pkv 
exists (and is unique). We next observe that q(u,£^) decreases as K j" F and 

q(i>,S+)^ Urn q(u,S+). (3.12) 

On the other hand, applying [lOj Lemma 1.2.2] to the measure Pfv ® Ppv and the function k, 
as well as to Ppv and each of «(•, j/ + ) and n(-, we obtain 

||PHI = I™ ||(PHkll and k(i/,PH = lim k(u,(P f v)\ k ), 

KfF KfF 



therefore 



q(v,£+) = \\u- P f v\\ = lim \\u - (P F v)\ K \\ > Jim Q^tc) 

KfF KfF 



When combined with relation (|3.12[) . this establishes the equality 

Q{v,£+)=\im e { v ,£+). (3.13) 

Fix K,K 6 {^}f such that K C K. Applying Lemma [2~T1 to the (convex) set 

v-B±:={v-u>: oje£±}, 

in view of v — Pkv € v — Bi we get 

\\Pgv - P K vf = \{v- P RV ) -{v- P K v)f s? g 2 (^B+) - g>,£±). 

As q{v,£k), K £ {K}p, is fundamental in R because of (|3.13|) . the last relation shows that 
(Pk^)kg{k} f is a strong Cauchy net in Bp. Since Bp is strongly complete, this net converges 
to some ujo G Bp strongly and, hence, weakly. Repeated application of p,13[) then yields 

lim q{v,£k) = lim \\v - P K i/\\ = \\v — u> \\ = g(v,Bp~), 

KfF "•' KfF 

which due to the uniqueness statement gives ujq = Pfv, and the lemma follows. □ 
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As an immediate consequence of Lemmas 13.31 and 13.61 we get 

P F u(X) liminf /WX), (3.14) 

k{x,P f v) ^ liminf k(x,Pkv) n.e. in X. (3.15) 

K\F 

Lemma 3.7 It holds that 

k(x,P f u) ^ k(x, v) n.e. in F. (3.16) 
If, moreover, n(x,y) is continuous for x ^ y, v + is bounded, S(i> + ) n F — and 
sup n(x,y) < co for every compact K C F , 

then 

k(x, P f v) ^ k(x, v) for all x G S{P F v) (3.17) 

and therefore 

k(x, P f v) = k(x, v) n.e. in S(Pfv). (3.18) 

Proof. According to [5J Proposition 1.12.4], Ppv is uniquely characterized by the relations 

k(v-P f v,ui) <0 forallwGf+, (3.19) 

k{v-P f v,P f v) =0, (3.20) 

We observe that assertion (|3.16l) can be obtained from inequality (13. 19)) with the help of 
arguments similar to those in [22l Proof of Theorem 4.16]. Indeed, for each uj £ £p the set 



E 



|x G i* 1 : «(a;, Pf^) < ^)| 



is w-measurable and, hence, one can consider uj\e, the trace of to on E. Since ui\e is an element 
of £^ as well, relation (13. 19)) gives 

k(x, v — P F v) duj\ F {x) ^ 0, 

which, however, is possible only provided that E is locally w-negligible. In view of the arbitrary 
choice of uj G £p, this together with Lemma \3 . 1 1 yields C(E) — as desired. 

Let now all the hypotheses of the second part of the lemma be satisfied. It follows from 
inequality (I3.15P that, while proving assertion (13. 17)) . one can assume F to be compact. Then, 
by Lemma T3. 21 relation Q3.16P holds P F v-a.e. in X. This implies 

k(x, v — P F v) = P F v-a.e. in X, 

for if not, we would arrive at a contradiction with (|3.20j) when integrating inequality (|3.16j) 
with respect to Ppv. In turn, the last relation yields that for every x G S(Ppv) one can choose 
a net (x s ) S £s C F with the properties that x s — > x and 

k(x s , v — Ppv) = for all s G S. 

Hence, assertion ()3.17j) will be proved once we show that k(x, v — Ppv) is upper semicontinuous 
on F. As k(x, v~ + Ppv) is lower semicontinuous on X, it is enough to establish the continuity 
of k{x, v + ) on F, but this is a direct consequence of Lemma 13^41 □ 
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Definition 3.2 (see, e.g., |22]) A kernel k satisfies the generalized maximum principle with a 
constant h if for every finite v G 9Jt + with the property 

sup k(x, v) =: M < oo 

i£S(i/) 

one has i/) ^ /iM for all 16X. 

Lemma 3.8 Suppose that the kernel n is ^ and satishes the generalized maximum principle 
with a constant h\ I If, moreover, aii the assumptions of Lemma 13 . 71 hoJd true, then 

PfK x ) < /u/+(X). 

Proof. It follows from inequality ()3.14j) that, while proving the lemma, one can assume F to be 
compact; then C(F) < oo (k being strictly positive definite). Hence, according to Theorem l2.2l 
an equilibrium measure 6 — Os(p FV ) 01 S(Pfv) exists and satisfies the relations 

n(x,9)^l n.e. in S{P F v), (3.21) 
k(x,9)^1 for all x G S(6). (3.22) 

Since then, due to the boundedness of both P F v and 6, relations (|3.18j) and (|3.21[) hold true 
9-a.e. and Ppv-a.e., respectively, on account of k ^ we get 



P F v{X) < / K(x,0)dP F u(x) = J K(x,v)d6(x) < / /c(x, 0) di/ + (ac). 

On the other hand, inequality (|3.22|) yields, by Definition 13.21 

k(x,9) ^ h for all x G X. 
When substituted into the preceding relation, this yields the lemma. □ 



4 Vector measures associated with condensers; their energies and 
potentials. Strong completeness theorem 

Let J + and I~ be fixed countable, disjoint sets of indices i G N, where the latter is allowed to 
be empty, and let I := I + U I~ . Assume that to every i G I there corresponds a nonempty, 
closed set Ai c X. 

Definition 4.1 A collection A = (Ai)i £ j is called an (I + , I~)-condenser (or simply a con- 
denser) in X if every compact subset of X intersects with at most finitely many Ai and 

Ai nAj = for all i G I + , j e I~ . (4.1) 

We call A compact if so are all Ai, i E I, and finite if I is finite. The sets Ai, i G I + , and Aj, 
j G I~ , are called the positive and negative plates, respectively. (Note that any two equally 
signed plates can intersect each other or even coincide.) For any Io C I, write 

CI Q :=I\I , A Io :={jA t , A+ := A I+ , A~ := Aj- , A := A i; 

iei 

10 Then, obviously, h ^ 1. 
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then Ai is closed (A being locally finite), and it is compact if Ai, i G Iq, are compact while 
Iq is finite. 

Given A, let 9Jt + (A) consist of all (nonnegative) vector measures fi = (/i l )i S r, where \i % G 
$Jl + (Ai) for all i 6 I. The product topology on 9Jl + (A), where every 9Jl + (Ai) is equipped with 
the vague topology, is likewise called vague. 

In accordance with an electrostatic interpretation of a condenser, we assume that the law of 
interaction between the charges lying on the plates A4, i G /, is determined by the matrix 
(a.iOtj)ij£.z , where equals +1 if i G / + and —1 otherwise. Given fi, /x 1 G DJt + (A), we then 
define the mutual energy k([a, fi^ and the vector potential ^(1), x G X, by relations 
and (ll.2p . respectively. For fi = fi 1 , the mutual energy /c(/x, /i-J defines the energy of /x. Let 
£ + (A) consist of all /x G VJl + (A) with — 00 < /j) < 00. 

From now on we shall always require the kernel k to be positive definite. Then, according 
to [23 Lemma 3.3], for fi G DJl + (A) to have finite energy, it is sufficient that Yliel Wf^W < 00 • 
In this paper we are concerned with minimal energy problems over subsets of £ + {A), to be 
treated in the frame of the approach developed in [36) . For the convenience of the reader, in 
this and the next sections we summarize without proof some results from [36], necessary for 
the understanding of the subject matter. 

Due to the local finiteness of A, one can define the mapping R : 9H + (A) — > 9Jt, 

Rn(<p) = ^2 "iA^M f° r au 9 e C (X). 

iei 

Such a mapping is, in general, non-injective; it is injective if and only if Ai, i G /, are mutually 
disjoint. Also observe that Rfj, is a signed (scalar) measure; because of assumption (|4.1j) . the 
positive and negative parts in the Hahn- Jordan decomposition of R[i are given by 

Rfi+ = and = A**- ( 4 - 2 ) 

iei+ iei- 

Lemma 4.1 For any ip G $(X) and G 9Jl + (A), the value (ip,Rfi) is finite if and only if 
Hiei IC^A* 1 )! < °°> an d then 

(ip,R(j,) = Y ctiitp,^). 
iei 

Corollary 4.1 fi G 9Jl + (A) has finite energy if and only if so does its scalar R-image, Rfi\^\ 
Corollary 4.2 For any [i, fi 1 G £ + {A), it holds that 

«(M>Mi) = k,(Rh,Rh x ). 
Furthermore, ^(1) is well defined and finite n.e\^\ in X and has the components 

K l {x) = aiK{x,Rfj,), iei. (4.3) 

Theorem 4.1 £ + (A) forms a semimetric space with the semimetric ||/LXj — l^2\\£+{A): defined 
by (|1.8[) . and such a space is isometric to its R-image, R£ + {A). That is, 

llMi - Mallfi+fA) = ~ RteWe for all fj, 1: fj, 2 e £ + {A). (4.4) 

The semimetric \\fi^ — M2 ll£+ (^4.) JS a metric if and only if the kernel k is strictly positive definite 
while all Ai, i € I, are mutually disjoint. 

11 This implies in particular that £ + (A) forms a convex cone. 

12 We say that a collection of propositions Pi(x), i £ I, subsists n.e. in X if this is the case for each Pi(x). 
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Corollary 4.3 Given A, define £a as the set of all v such that v + € St + and v G £\- and 
equip it with the semimetric structure induced from £. Then 

£ A = R£+(A), (4.5) 

so that, by Theorem 14.11 the semimetric spaces £a and £ + (A) are isometric. 

Proof. Indeed, R£ + (A) C £a can be obtained directly from relation (|4.2|) and Corollary 14.11 
To prove the converse inclusion, fix v 6 £a and define /i 1 := \v\\ A an d 



fe=i 



for all i = 1, 2, . 



Then /i' G 9Jt + (Ai) and ^ = i?/x, where /x := (/x l )i e /. Since i/) is finite, repeated applica- 
tion of Corollary 14. II shows that /i G £ + (j4), and identity (|4.5p follows. □ 

Because of (14.41) . the topology on £ + {A) defined by the semimetric — faWe+tA) 1S called 
strong. Two elements of £ + (A), fi 1 and fi 2 , are equivalent if \\fi 1 — /iglU+fA) — 0- The 
equivalence in implies i?/^ = i?/x 2 provided that the kernel k is strictly positive definite, 

and it implies [i 1 = fj, 2 if, moreover, all the Aj are mutually disjoint. 

Corollary 4.4 If fi 1 and /j 2 are equivalent in £ + (A), then Ax) — K fl2 (x) n.e. in X. 

For any b € (0, oo), let 2X£(A) consist of all /x G 9Jt+(A) with 

\RH\(X) = (Rtx+ + Rn~)(X) = ]T /i'(X) < 6. 

iei 

This class is vaguely bounded and closed; hence, by [36l Lemma 3.1], it is vaguely compact. 

The following theorem on the strong completeness of £&(A) :— £ + (A) n ^Ettt(A), treated as a 
topological subspace of £ + (A), is crucial in our approach (compare with Theorem 12. lp F^I 

Theorem 4.2 Assume that the kernel k is consistent and bounded on A + x ^4 _ Then the 
following two assertions hold: 

(i) The semimetric space £^{A) is complete. In more detail, if (n s ) se s C £^ (A) is a 
strong Cauchy net and n is one of its vague cluster points, then fi E £^ (A) and fi s —> /x 
strongly, i.e. 

lim - \\e+(A) = °- 

(ii) If the kernel K is strictly positive deGnite (hence, perfect), while all Ai, i £ I, are mutually 
disjoint, then the strong topology on £^(A) is Gner than the vague one. In more detail, 
if (/i s ) se s C £b~(A) converges strongly to (i Q G £ + (A), then actually fi G £^(A) and 
V s -> Mo vaguely. 



13 In view of the fact that the semimetric space £^~(A) is isometric to its i?-image, Theorem 14. 21 has singled 
out a strongly complete topological subspace of the pre-Hilbert space £, whose elements are signed Radon 
measures. This is of independent interest since, according to a well-known counterexample by Cartan [I], the 
whole space £ is strongly incomplete even for the Newtonian kernel \x - y\ 2 ~ n in 1™, n 3. 

14 For the Riesz kernels K a of order a £ (0, n) in R", n > 2, Theorem 22] remains valid without assuming n a 
to be bounded on A + X A" ; cf. 31 Theorem 1] and 36 , Remark 9.2] . The proof is based on Deny's theorem [5] 
stating that the pre-Hilbert space £ Ka can be completed by making use of distributions of finite energy. 
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5 Gauss variational problem 



Fix x £ £ and define / = where fi(x) := a.iK,{x, x) for all i G I; such an / is well 

defined and finite n.e. in X, while all its components are universally measurable, i.e. ^-meas- 
urable for every v G We treat each /$ as an external field acting on the charges on Ai 
and then we define the /-weighted vector potential W ^ = {W^)i<=i and the f -weighted energy 
G x (fi) :— Gf(fi) of fi G £ + {A) by relations (|1.3|) and (|1.4|) . respectively. 

Given fi G £ + (A), application of Lemma 14. II to each of k(-,x + ) an d K ('iX _ ) gives 

Combined with (|4.4|) . this implies that G x (/x) is finite and can be written in the form 

G x ( t i) = \\R t i\\ 2 + 2 K .(x,R») = -\\x\\ 2 + \\x + R»\\ 2 - (5-1) 



Fix a vector a = (aj)ie/ with aj > for all i G / and a continuous function 5 on A satisfying 
conditions (11.61) and (11.7[) . Also having fixed J such that J + C J C /, we write 

a, g, J) := |/x G £ + {A) : (g,ff)=ai for all i G Jj 

and further we consider 



G x {A,a,g,J) := mf G x (/x). 

/x££+(A,a,g, J) 



Then, because of (|5. 1[) . 



G x (A,o, fl ,J) = -||xr+ p inf ||x + i2/x||. (5-2) 



In the case J = I, the symbol J in these and other notations will often be dropped. That is, 
we write £ + (A, a, g) := £ + (A, a, g, I), G X (A, a, g) := G X (A, a, g, I), and so on. 

Below we use the following terminology. Given A, a, g, Xi an d J, the (A, a, g,Xi J)-problem 
is that on the existence of A G £ + { A, a, g, J) with 

G*(A)= inf G x {n). 

fJ.e£+(A,a,g,J) 

The (A, a, g, x, J)-problem is said to be solvable if the class & X {A, a, g, J) of all its minimizers 
is nonempty. The (A, a, g, Xi /)-problem (or shortly the (A, a, g, x)-problem), main in the 
present study, is referred to as the Gauss variational problem. A minimizer in the (A, a, g, x)- 
problem will often be denoted simply by A (with the tilde dropped). 

To make these problems well defined, we shall always suppose that 

G x (A,a,g)<oo-B (5-3) 

then for every J one has 

— 00 < G X {A, a, g, J) < 00, 

where the inequality on the right is an obvious consequence of assumption (|5.3[) . while that on 
the left follows from (15.21) due to the positive definiteness of the kernel. 



15 Necessary and/or sufficient conditions for assumption l|5.3|l to hold can be found in |36| (see Lemmas 6.2 
and 6.3 therein). In particular, then necessarily C'(Ai) > for all i € I . See also Remark l6. 21 below. 
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In addition to all the assumptions stated above, in the rest of the paper we shall always require 
that the kernel n is consistent and bounded on A + x A~ , i.e. 

sup n{x,y) < oo, (5-4) 

while for every i£j either g\Ai is bounded or there exist r\ S (1, oo) and i/j E £ such that 

fflyi ■ ( x ) ^ K{x,Vj) n.e. in X. (5-5) 

Then sufficient conditions for the solvability of the Gauss variational problem are given by the 
following theorem (see (36] Theorem 8.1]). 

Theorem 5.1 Under the above-mentioned hypotheses, the (A, a, g , x)-problem is solvable if 
each Ai, i £ I, either is compact or has Gnite interior capacity. 

Moreover, this theorem is sharp; that is, if at least one of the plates is noncompact and has 
infinite interior capacity, then the (A, a, g, x)-problem, in general, admits no solution. This 
can be illustrated by the following example (cf. [3H1 Proposition 8.1])0 

Example 5.1 In W 1 , n ^ 2, consider the Riesz kernel K a (x, y) = \x — y\ a ~ n of order a, where 
a E (0,2] and a < n. Assume I + = {1}, I~ = {2}, A\ and Ai are closed disjoint sets with 
C Ka (Ai) ^ 0, i = 1,2, and let A\ be compact while A\ connected. If, moreover, \ E £ + is 
compactly supported in A2 and 02 = a\ +%(R.™), then the corresponding (A, a, g, Y)-problem 
has no solution if and only if C Ka (A2) = 00 though A2 is a-thin at ooi» l 17 l 

Problem 5.1 Given n, A — (Ai)j e j, g, and x> what is a description of the set S K (A, g,x) of 
all vectors a = (aj)jg/ for which the (A, a, g, x)-probJem is nevertheless solvable? 



6 Standing assumptions 

In addition to the standing assumptions stated in Section [5J in the rest of the paper we assume 
that X is noncompact (hence, k 0). This involves no loss of generality, since for a compact X 
the Gauss variational problem is always solvable due to Theorem 15.11 

We also require that the kernel k is strictly positive definite (hence, perfect), continuous for 
x ^ y, possesses the property (oox) and satisfies the generalized maximum principle with a 
constant h ^ 1 (sec Definitions 13.11 and 13. 2\i . Furthermore, assume that the measure % e £, 
generating the external field by means of (jl.5p . is bounded and satisfies the assumptions 

S{ x + )nA- = 0, s(x~)nA + = 0. 

Remark 6.1 Then for each i E I the i-component of the external field, fi = ai«(-, x), is lower 
semicontinuous on A4, which is seen from Lemma 13.41 

16 See also |36l Example 8.2] pertaining to the Coulomb kernel \x — y\~ 1 in R 3 , and also 18 26 for some 
related numerical experiments. 

17 A closed set F C I" is a-thin at cogn if F*, the inverse of F relative to the unit sphere, is a-thin at x = 0, 
or equivalently |22l Theorem 5.10], if either F is bounded or x = is an a-irregular point for F* . See [30] : for 
a = 2, such a definition is due to M. Brelot (see [3]; cf. also 1121 119| ). We refer to [29 for an example of a set 
of infinite Newtonian capacity, though 2-thin at co^n (cf. also Example 17.21 in Section 17.21 below). 
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Remark 6.2 Suppose for a moment that x G £ is compactly supported in A c . It is seen 
from |36[ Lemma 6.3] that, under the above hypotheses on the kernel k, assumption (|5.3|) 
would hold automatically if one would require C(Ai) > 5 > for all i £ I. 

Remark 6.3 Note that the standing assumptions on a kernel are not too restrictive. In 
particular, in R", n ^ 3, they all are satisfied by the Newtonian kernel \x — y| 2 ~ T \ Riesz 
kernels \x — y\ a ~ n with a £ (0, n), or Green kernels go, provided that the Euclidean distance 
between A + and A~ is nonzero. Here D C R™ is a regular domain (in the sense of the solvability 
of the classical Dirichlet problem) and go its Green function. 



7 Description of the set S K (A,g,x) 



Recall that we are working under the standing assumptions stated in Sections [5] and [6] 

Before having formulated an answer to Problem 15.11 we observe that in the case J ^ I the 
auxiliary (A, a, g, Xi J)-problem can equivalently be formulated in terms of orthogonal projec- 
tions Pacj onto the convex cone £\ CJ in the sense of the following lemma P^l 

Given A and J ^ I, define aj := (fli)igj and Aj := (AAfej, the latter being thought of as an 
n J)-condenser. For any fi = (fi 1 )iei € VR + {A), also write Hj := 

With these assumptions and notations, consider the minimum energy problem 

inf \\x + Rv-Pa c Ax + Rv)\\ 2 - (7.1) 

v€e+(Aj,aj,g) 



Lemma 7.1 For A to solve the (A, a, g, x, J)-problem with J ^ I, it is necessary and sufficient 
that there exist a solution cr to the problem (|7.ip such that 



Aj = <t and R\cj = Pa c Ax + R<t)- (7-2) 



Proof. Fix n £ £ + (A, a,g,J) and let u) = (u} l ) i& cj be one of the i?-preimages of Pa c .i (x + 
Rfij). Consider fi' such that fi'j = fij and = uj. Then, by Corollaries 14.11 and 14. 3[ 

fi' € £ + (A); actually, // € £ + {A, a,g, J). Therefore, using representation (|5.ip . we get 

g x (m) = - W 2 + llx + R»f > -\\x\\ 2 + \\x + Rhj - Pa c Ax + R»j)\\ 2 

= G x (iJi')>G x (A,a,g,J), 

where the first inequality is an equality if and only if Rn C j = Pa C j{x + RPj)- I n view of the 
arbitrary choice of {i £ £ + {A, a, g, J), this yields the lemma. □ 



7.1 Main results 

Let L consist of all £ £ I such that C(Ai) — oo. Assume L ^ 0, for otherwise Problem [O] has 
already been solved by Theorem 15. II In all that follows, we also suppose that L C I~ . 

A description of the set S K (A,g,x), required in Problem 15. 1[ is given by Theorems 17.21 
and 17.31 the main results of this study. It is formulated in terms of a solution to the aux- 
iliary (A, a, g, x, CL)-problem, while the solvability of the latter is guarantied by the following 
theorem with J = CL. 

18 Note that £a cj ^ c ' uc *° *' le ^ ac * that C(Ai) > for all i £ / (see the footnote to formula I I5.3H ). so 
that for any v £ £ an orthogonal projection Pa c jV exists and is determined uniquely (see Section 13.21 1. 
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Theorem 7.1 Given J, where I + C J C 7, assume that 

C{Aj) < oo for all j e J. (7.3) 

Then the (A, a, g, x, J)-problem is solvable, and the class & X (A, a, g, J) of all its solutions is 
vaguely compact. 

Fix a solution A to the auxiliary (A, a, g, x, CL)-problem. Then, equivalently, Xcl gives a 
solution to the minimum energy problem (I7.1[) with J = CL, while \l is one of the R-pre- 
images of Pa l (x + R^cl)', see Lemma FfTTl 

Theorem 7.2 Consider a — (a^)^/ such thalP^I 

a e ^ (g, \ l ) for all £ £ L. (7.4) 

Then 

G x (A,a,g) = G x (A,a,g,CL), (7.5) 

while the main (A, a, g 1 x)-problem is solvable if and only if all the inequalities (|7.4j) are 
equalities. 

In the case where L is a singleton, Theorem 1 7 . 2 1 can be refined as follows to establish a complete 
description of the set S K (A, g, x)- 

Theorem 7.3 Let L = {£} and assume, moreover, that 

At nA e = for all i ^ 1. (7.6) 
Then the set S K (A, g, x) consists of all vectors a — (ai)i e j with the property 

ae < (g, \ l ) 

or, equivalently, 

at 4: (g,P At (x + Yl a ^)) = : ^- ( 7J ) 

Remark 7.1 Theorem 17.31 makes sense, since, under its hypotheses, the value = (g,X ) 
does not depend on the choice of A € & x (A,a,g,I\ {£}) (see Section H"3"|) . 

See Sections [TU1 [TTJ and [T3] for the proofs of Theorems I7.1H7.3I Combining Theorem 17.21 with 
Lemma \8. II for J = CL (see Section [8] below) , we arrive at the following corollary. 

Corollary 7.1 Assume L is finite and g sup := sup^g^ g(x) < oo. Then the (A,a,g,x)-prob- 
lem is nonsolvable for every a with 



ae > hg sup x + (X) + 2|a C i|ff in f 



for all £ e L, 



h being the constant in the generalized maximum principle. 



19 The values (g, A ), t £ L, can be shown to be finite (see Section I lit , so that inequalities 1 17. 41 1 make sense. 
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7.2 Examples 

In this section, we withdraw all the standing assumptions stated in Sections [5] and [5] 

To illustrate the results obtained, we consider the Riesz kernel n a (x,y) — \x — y\ a ~ n of order 
a G (0, 2], a < n, in R n , n ^ 2, and we assume that Ag, where £ G 7 _ , is the only plate with 
infinite interior capacity. For this kernel, the operator of orthogonal projection Pj^ t is, in fact, 
the operator of Riesz balayage /3^° onto Ag, while (see, e.g., [22]) 

l^-/3£Hk = Nkc for all ve£ Ka , 

where g^a is the a-Green function of the open set A\. 

Hence, the auxiliary problem (|7.1[) with J = I \ {£} can be rewritten as 

inf Wx + Rvfg", (7-8) 
t 

the infimum being taken over all u G £^ a (Aj\^iy) such that (g, v l ) = a,; for all i £, while 
from formula (|7. T|) now takes the form 

where er is a solution to the minimum a-Green energy problem (|7.8|) . 

Combined with Theorem I7.3[ this yields Proposition [Tj] (see Example ll.il) . providing a com- 
plete description of the set S Ka (A, g, %). See also Examples I7.lti7.3l below, where such a 
description takes a much simpler form, given in terms of the geometry of the plate Ag. 

In each of the following examples, let C Ka (Ai) > 5 > for all i S J and let x € £ Ka be 
compactly supported in A € ^ We also require that x ^ 0, dist (A + ,A~) > 0, I~ = L = {£}, 
AI is connected, and g = 1. 

Example 7.1 Under the hypotheses stated above, assume moreover that 

2a e > |a|+x(M n ). (7.9) 

Proposition 7.1 Then the Gauss variational problem (relative to n a , A, a, \ ^ 0, and .9 = 1) 
is solvable if and only if Ai is not a-thin at oor™ , while 

2a e = |a|+x(K"). (7.10) 

Proof. It is known from the Riesz balayage theory (see, e.g., [22]) that, for any bounded 
positive measure v G £ Ka (A c l ), it holds (i^viW 1 ) < viW 1 ), while according to [30] Theorem 4] 
the inequality here is an equality if and only if Ai is not a-thin at oor™ . Combining this for 
v = x + Rc with Theorem 17.31 where T,g is now given by 

^ = /^:(x + ;?<T)(in, 

and taking assumption (17.9[) into account, we obtain the proposition. □ 

20 Then assumption I I5.3H holds automatically (cf. Remark l6.2H . 
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Example 7.2 Consider the Coulomb kernel K2(x,y) — \x — y^ 1 in K 3 and let Ag be a rota- 
tional body consisting of all x = {x\,X2,Xz) G R 3 such that q < x\ < oo and < x\ + x\ ^ 
p(x\), where 9 £ R and p(x%) approaches as x\ — > 00. We focus with the following three 
cases: 

p(r) = r~ s , where sS[0, 00), (7-11) 

p(r) = exp(-r s ), where s G (0, 1], (7.12) 
p(r) = cxp(— r s ), where s > 1. (7-13) 

Then Ag is not 2-thin at 00^3 in case (|7.11[) . has finite (Newtonian) capacity in case (|7. 13)) . 
and it is 2-thin at 00^3 though C K2 (Ag) — 00 in case (|7.12l) ; see [29 . Hence, if a satisfies 
condition (I7.9[) , then, by Proposition 17.11 the Gauss variational problem is nonsolvable in 
case (17.12[) . while in case (|7.11l) it admits a solution if and only if (|7.10[) additionally holds. 
Also observe that, by Theorem 15. 1[ in case (|7.13|) the problem is solvable for any a. 

Example 7.3 Consider A — (^1,^2) with a\ — +1 and 012 — —1, and let \ — 0- Then, in 
consequence of Theorem 17. 3[ the set S Ka (A, g, \) forms the cone in R 2 defined by 

a 2 /ai< (/3%> 2 6 Al )(A 2 ), (7.14) 

where 9a 1 is obtained from the equilibrium measure of A\ relative to the kernel t/2 c when 

divided by C g o c {Ay). Note that Qa x [A\) = 1; hence, by [30l Theorem 4], the value on the right 
A \ 

in relation (|7.14p is equal to 1 if A2 is not a-thin at oot- , while otherwise it is < 1 . 



8 On the admissible measures in the auxiliary (A, a, g, J, %)-problem 

For any b G (0, 00) and J, I + C J C I, write £^(A,a,g,J) := £ + (A, a,g, J) f)£^(A), where 
£&(A) has been defined in Section @] 

Lemma 8.1 The value G x (A,a,g,J) remains unchanged if the class £ + (A,a,g,J) in its 
dchnition is replaced by a, g, J), where 



H 



X + (X)+2\aj\grl . (8.1) 



Proof. Observe that H is finite, which is clear from assumptions (11.61) . (I1.7|) and the bound- 
edness of \- Also note that, for any — (p l )iei G £ + {A, a,g, J), 

pJ(X) ^ ajgr* < 00 for all j G J. (8.2) 

Hence, if J = /, then £ + (A, a, g, I) C £^(A, a, g, I) and the lemma is obvious. 

Therefore, assume J 7^ I . Then, as is clear from the proof of Lemma l7. 1 1 G X (A, a, g, J) remains 
unchanged if the class £ + {A, a,g, J) in its definition is replaced by its subclass consisting of 
all n G £ + (A, a, g, J) with the additional property that R(J*cj = ^Acj (x + Rflj)- Thus, the 
lemma will follow once we prove 

Rlij(X)+P Aoj (x + Rt*j)QL)<H, (8.3) 

but this is a direct consequence of relation (|8.2[) and Lemma I3~%1 □ 

Corollary 8.1 If A is a minimizer in the (A, a, g, Xi J)-problem, then A G £^(A 7 a, g, J). 
Proof. For J ^ I this follows from relations (I7.2[) and (I8.3[) . while otherwise it is obvious. □ 
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9 Extremal measures 



Definition 9.1 We call a net (p s ) S £s minimizing in the (A, a, g, x, J)-problem if 

(Vs)ses C £jj(A, a,g, J), 
H being defined by (|8.1[) , and furthermore 

UmG x (ti s ) = G x (A,a,g,J). (9.1) 

Let M. x (A,a, g, J) consist of all those nets; this class is nonempty in consequence of assump- 
tion (|5.3j) and Lemma UTTI We denote by M X (A, a, g, J) the union of the vague cluster sets of 
OJses, where (fJ, s ) se s ranges over M X (A, a, g, J). 

Remark 9.1 Taking a subnet if necessary, we shall always assume (fi s ) s< zs G M X (A, a, g, J) 
to be strongly bounded. Then so are (Rfif) s£ s, {Rf J '7)s£S and (/Li*) sS s for all i 6 I; that is, 

sup { [|/4 1|, \\Rntl \\RH7\\\ < oo. (9-2) 

Indeed, this can be obtained from n ^ and n(Rfif, RfJ-j) ^ M < oo for all s G S 1 , the latter 
being a consequence of |i?/i s |(X) ^ if and assumption (|5.4p . 

Definition 9.2 We call 7 = (7 l )iez S £ + (A) extremal in the (A, a, g, x, J)-problem if there 
exists (n s ) sS zs 6 M X (A, a,g, J) that converges to 7 both strongly and vaguely; such a net 
(/i s ) se s is said to generate 7. The class of all those 7 will be denoted by £ x (^4, a, g, JlF^l 

It follows from Lemma 13.31 with ip = g that, for any 7 £ £ X (A, a, J), 

(g,f') aj for all j e J. (9.3) 

Also observe that 

e x (A, a, g, J) C £ X (A, a, 5 , J), (9.4) 

since, because of Corollary 18. 1[ each A £ © X (A, a, 5, J) (provided exists) can be treated as an 
extremal measure generated by the constant sequence (A)„ g n £ M X (A, a, g, J). 

Lemma 9.1 Furthermore, the following assertions hold true: 

(i) From every minimizing net one can select a subnet generating an extremal measure; 
hence, (£ X (A, a, g, J) is nonempty. Moreover, 

<E x {A,a,g,J) = M x (A,a,g,J). (9.5) 

(ii) For any j 1 ,j 2 ^ &x(A,a, g,J), it holds that -7 2 |U+(A) = 0. Hence, R-y 1 = i?7 2 , 
while 7 1 = 7 2 if and only if all Ai, i <E I, are mutually disjoint. 

(hi) £ X (A, a, g, J) is vaguely compact. 

21 In the case J = I, the tilde in the notation of an extremal measure will often be dropped. 
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Proof. Choose arbitrary (fi s ) se s and (£ t )teT in M x (A,a, g, J). Then 

^^11^-^11^ = 0, (9.6) 

where 5 x T is the directed product of the directed sets 5* and T (see, e.g., [2lJ Chapter 2, 
Section 3]). Since £^(A,a, g, J) is convex (cf. the footnote to Corollary 14. lj) . we get 

4G x (A,a,g,J) ^4G X (^±^J = \\Rp a + i*&|| 2 + ^ s + R$ t ). 

On the other hand, applying the parallelogram identity in the pre-Hilbert space £ to R[i s 
and R^ t and then adding and subtracting 4k(x, i?/x s + R£ t ), we obtain 

- i?^f - -||i? Ms + fl&ll 2 - 4«(x,i?M s + + 2G X ( M .) + 2G x (C t )- 
When combined with the preceding relation, this gives 

< ||i?/x s - RS t f < -4G X (A, a, 5 , J) + 2G x ( Ms ) + 2G x (£ t ), 
which yields (|9.6[) when combined with (|9.ip . 

Relation (|9.6p implies that (/n s ) se s is strongly fundamental. By Theorem 14.21 with b = H, for 
every vague cluster point /x of (/x s ) sS s (it exists) we therefore get /x s — » /x strongly. This shows 
that is an extremal measure; actually, A4 X (A, a, g, J) C £ X (A, a, g, J). Since the converse 
inclusion is obvious, relation (|9.5I) follows. 

Having thus proved assertion (i), we proceed by verifying (ii). Choose (/u s ) se s and (£ t )tgT 
generating ~f 1 and 7 2 , respectively. Then application of (|9.6|l shows that (^i s ) s eS converges 
to both and 7 2 strongly, hence \\~fi — 72lU+(A) = 0, and consequently \\R ; y 1 — R^W = 
by (|4.4p . In view of the strict positive definiteness of the kernel, assertion (ii) follows. 

To establish assertion (hi), fix (7 s ) s es C (£ X (A, a, J); then (j s ) s eS C £^(A). Since the 
class ffltff(A) is vaguely compact, there exists a vague cluster point 7 of (-y s ) se s- Let (7 t )teT 
be a subnet of (7 s ) se s that converges vaguely to 7 ; then for every f £ T one can choose 
a net (n St )s t eSt G M x (A,a, J) converging vaguely to 7 t . Consider the Cartesian product 
liter <S* — that is, the collection of all functions (3 on T with /3(i) 6 St, and let D denote the 
directed product T x OteT &t • ^br ever y {t, 0) £ D, write M(t /3) := PpU) • Then the theorem on 
iterated limits from [2TJ Chapter 2, Section 4] implies that the net (t, (3) S -D, belongs to 

M X (A, a,g, J) and converges vaguely to 7 ; thus, 7 G M X (A, a,g, J). Combined with (|9.5I) . 
this yields assertion (iii). □ 



Corollary 9.1 Any two minimizers Ai,A2 6 & X (A, a, g, J) (provided exist) are equivalent 
in £ + (A). Hence, RXi = i?A 2 , while Ai = A 2 if and only if all Ai, i € I, are mutually disjoint. 

Proof. This is a direct consequence of inclusion (|9.4I) and assertion (ii) of Lemma 19.11 □ 



Corollary 9.2 For every extremal measure 7 6 <£ X (A, a, g, J) it holds that 

G x (j) = G x (A,a,g,J). 



(9.7) 



Proof. Applying (|5.1[) to 7 e <£ x (A,a,g,J) and each of fi s , s S S, where (jU s ) se s is a net 
generating 7, and using the fact that /x s — » 7 strongly, we get 



G x (7) = llx + i?7 



~ 1 1 2 



lim 

sGS 



I XII 



lim G x (m,), 



which yields (|9.7p when combined with (I9.ip . 



□ 
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Corollary 9.3 Let J = I. If the (A,a,g,x)-problem is solvable, then the class & x (A,a,g) 
of all its solutions is compact in the vague topology; moreover, 

e x {A,a,g) = £ x (A,a,g). (9.8) 

Proof. Due to assertion (iii) of Lemma 19.11 the corollary will follow once we prove (|9.8|) . As 
is seen from relations (|9.4p and (|9.7[) . to this end it is enough to show that, for any given 
7 G <B x (A,a,g), 

= Gl for all i G I. (9.9) 

Because of assertion (ii) of Lemma \9. 11 for any A S & X (A, a, g) one has R-y = RX, so \R~f\ = 
\RX\, hence (g, \Rj\) = (g, \RX\) and, as an application of Lemma 14. II with ijj = g, 

\a\ being finite by assumption (|1.6j) . In view of relation (|9.3|) . this yields (|9.9|) . □ 



10 Proof of Theorem [77T1 

Given J, where / + C J C /, fix an extremal measure 7 G l£ x (A, a, g, J); it exists according 
to assertion (i) of Lemma 19.11 A part of the proof of Theorem 17.11 is given as the following 
lemma, to be needed also in the sequel. 

Lemma 10.1 If C(Aj) < oo for some j £ J, then 

(gn j ) = aj . (10.1) 

Proof. We treat Aj as a locally compact space with the topology induced from X. Given a 
set E C Aj, let xe denote its characteristic function and 8e G £ + {E) the interior equilibrium 
measure associated with E (as the kernel is perfect, the existence of Be is guaranteed by 
Theorem 12. Also write E c := E CA j := Aj \ E, and let {Kj}a- be the increasing filtering 
family of all compact subsets Kj of Aj. 

We then observe that there is no loss of generality in assuming g\j, Lj to satisfy condition (|5.5[) 
with some Tj € (l,oo) and Vj G £. Indeed, otherwise g\A has to be bounded from above 
(say by M), which combined with relation (12. 2p for E = Aj results in inequality (|5.5[) with 
Vj := M^Oa,-, Tj G (1, oo) being arbitrary. 

To establish (jlO.ip , choose a (strongly bounded) net (/i s ) se g G M x (A,a, g, J) generating 7. 
Since gXKj is upper semicontinuous on Aj while ijP s — > "f J vaguely, we get 

(9XK j , I 3 ) > limsup (gxK j , (4) for every Kj G {Kj} Aj ■ 

On the other hand, application of Lemma 1.2.2 from [10 yields 

(9,f) = Jim (gXK^f), 

which together with the preceding inequality and relation (I9.3[) gives 

aj > (9, 1°) > Hm sup (gxK 3 , v{) = a, - lim inf (gxif, c , M J S ) , 



22 



S x {Kj}Aj being the directed product of the directed sets S and {Kj}A 3 ■ Hence, if we prove 



Bminf •/'! (10.2) 

( s ,Kj)eSx{Kj} A:j 3 

the lemma follows. 

For any Kj,Kj £ {Kj}a such that Kj C if/, consider and 9 Ra , the interior equilibrium 
measures associated with if? and if?, respectively. Then 9 K „ minimizes the energy in the 
class r j> c , while 9 k c belongs to T K o ; see Theorem 12.21 By Lemma 12.11 with H — T RC and 

3 J 3 3 

v = 9k c , this yields 



|2 



But, as is seen from ()2.1[) . the net ifj € {if,}^, is bounded and nonincreasing, and 

so it is fundamental in HL The preceding inequality then yields that the net (9K a )K j £{K j } A . 
is strongly fundamental in £ + . Since, clearly, it converges vaguely to zero, the property (Ci) 
(see Section |2~T|) implies that zero is also its strong limit; hence, 

lim ||0*;|| = O. (10.3) 



Write qj :— rj(rj — 1) , where Tj G (1, oo) is the number involved in condition (|5 . 5[) . Com- 
bining relations ()5.5|) and (|2.2j) . the latter with E = Kj, shows that the inequality 
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subsists n.e. in Aj, and hence fj, J s -a,.e. in X by Lemma 13.21 Having integrated this relation with 
respect to we then apply the Holder and, subsequently, the Cauchy-Schwarz inequalities 
to the integrals on the right. This gives 



k(x, Vj) dp? a (x) 



l/rj 



k(x, 9k c ) d^jP s {x) 



l/l3 



<ii^ l/r iM lM ikii. 



Taking limits here along S x {if,}^. and using relations (|9.2|) and ()10.3|) . we get (|10.2j) as 
desired. □ 



Let now assumption (|7.3[) in Theorem 17.11 hold. Then, in consequence of Lemma 110.11 the 
extremal measure 7 belongs to £ + {A, a, g, J). Because of (|9.7|) . this yields that, actually, 7 is 
a solution to the (A, a, g, x, J)-problem, and the statement on the solvability follows. 

It has thus been proved that <B x (A,a,g,J) C & x (A,a,g,J). Since the converse also holds 
according to inclusion (|9.4[) , these two classes have to be equal. On account of assertion (iii) 
of Lemma EU this implies the vague compactness of & X (A, a, g,J). □ 



11 Proof of Theorem YT72\ 

Recall that L C I~ consists of I € I with C{Ag) — 00. Fix A 6 & X (A, a, g, CL) (it exists due 
to Theorem 17.11 with J = CL) and assume at, I G L, to satisfy relation (17.41) . 

Observe that (g, X 1 ) is finite for each i £ I, so that inequalities (|7.4|) make sense. Indeed, since 
A l (X) ^ H < 00 according to Corollary 18. 1[ one can assume g to satisfy condition (|5.5|) . for 
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if not, then g has to be bounded from above and the finiteness of (g, A 4 } is obvious. By the 
Holder and Cauchy-Schwarz inequalities, we then obtain 



k(x, Vi) d\ l {x) 



l/rt 



IdX 1 



1/9. 



< ||^|| 1/r, ||A i || 1/r 'ff 1/9 * < 
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as desired. Here, and v$ are the same as in condition (|5.5j) and <li '■= Ti{r% — X) . 

To establish the theorem, for each I 6 L we choose probability measures € £ + (^), n G N, 

such that — )• vaguely as n — >■ oo and 

H^Kn- 1 . (11.1) 

Such exist due to the fact that C(Ae \ K) — oo for any compact K, which in turn follows 
from C(Ai) — oo because of the strict positive definiteness of the kernel. 
Further, for each n G N define f„ = (f£)j e /, where T % n := for all i € CL and 

f* := L . otherwise. 

Since (g,T~) ^ g m t > for all £ G L because of assumption (|1.7[) . we have 

r„ — > vaguely (as n — > oo) (H-2) 
and also, due to relations (|1.6[) and (|11.1|) . 

E H f «ll < l^l^n- 1 <oo, n G N. (11.3) 

Estimate (|1 1 .3[) yields that f n 6 £ + (^4) for all n € N (see Section 2]); hence, in view of the 
convexity of £ + (A), 

(j, n ;=\ + T n eS + (A,a,g), neN, (11.4) 

and consequently, by (15. ip . 

G x (A,a,g) < G X (/*J = -Uxll 2 + \\X + R»J 2 

= -\\x\\ 2 + \\X + R* + Rtu\\ 2 < G X (A) + c(n), (11.5) 

where c(n) := \\Rf n \\ (\\Rt n \\ + 2\\x + R\\\). But 

G X (A) - G x (A,a,g,CL) < G x (A,a,. 9 ), (11.6) 

while c(n) — »• as n —> oo, the latter being a consequence of estimate (|11.3[) . Combining 
relations (|11.5[) and (11 1 and then letting n — > oo, we thus get 

G X (A) = G X (A, a,g, CL) = G x {A,a 7 g) = lirn^ G x (n n ). 

This establishes assertion (I7.5[) and, on account of inclusion (|11.4I) , also the fact that 

(/•OneN G M x (A,a,g). 

As — > A vaguely because of relation (|11.2[) . the last inclusion yields A G A4 X (A, a,g) and 
hence, by (19.51) with J = I, 

A G € x (A,a, 3 ). 

Using Corollary [931 we then see that the main (A, a, g, x)-problem is solvable if and only if A 
serves as one of its minimizers, which in turn, due to (|9.7|) with J = I, holds if and only if 

A G £ + {A, a,g). 



Since the latter is equivalent to the requirement that all the inequalities (|7.4|) are equalities, 
the proof is complete. □ 
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12 Description of the /-weighted extremal potentials in the Gauss 
variational problem 



It is seen from (|4.3|) that, for any n £ £ + (A), the /-weighted vector potential W ^ = (W^)jgj 
is finite n.e. in X and its components can be written in the form 

Wj l {x) = a i K(x,x + Rti) n.e. in X. (12.1) 

Therefore, for any £ £ + (A), 

<W M> Mi) = E ( W l^i) = <X + Rn, R»i), (12-2) 

iei 

which follows from Lemma 14 . 1 1 when applied to Rfii and each of the functions «(♦, \ + + Rn + ) 
and x _ + Rfi~). 

Let 7 be extremal in the Gauss variational problem. Taking (|5.1|) and ()9.7j) into account, we 
then conclude from (|12.2|) with fi = fi 1 = 7 that 

E <^> ?') - 5 [ll7llI +( A) + G*(A, a, 5 )] , (12.3) 

iei 

where the expression on the right (hence, also that on the left) does not depend on the choice 
of 7 in consequence of assertion (ii) of Lemma I9.l(^l 

The proof of Theorem l7.31 to be given in Section[T31 is based on a description of the /-weighted 
extremal potential W 7 = (Wi)jgj provided as follows. 

Theorem 12.1 Given 7 £ <£ x (A,a,g), it holds tha@ 

a t W;(x) > (w;,Y)g(x) n.e. in A t , 1 £ I. (12.4) 

Relations (I12.3|) and (|12.4|l characterize uniquely the vector (W^,7 l ), i £ I, in the sense that, 
if these two relations are satisfied by some r\i in place of (W^, 7 l ), then 

7] t = (W^j l ) for all i £ I. (12.5) 



Proof. Having fixed i £ I, we start with the observation that, for any £ £ £, (Wl,£) is a 
strongly continuous function of fi £ £ + {A). Indeed, this is clear from representation (I12.1[) in 
view of the isometry between £ + (A) and R£ + (A). 

Choose a net (/i s ) sE s £ M X (A, a,*?) generating the extremal measure 7. Then the above 
observation can slightly be generalized in the following way: 

(W'4,7 i > = lkn(^ a) ^>. (12.6) 



Indeed, according to relation (|9.2[) , the net (/z*) se s is strongly bounded (say by M). Since it 
converges to 7' vaguely, the property (C2) (see Section l2TTj) yields that fi l s —> 7' weakly; hence, 
for every e > 0, 

| K (x + i?7,^ s -7 l )l < £ 

22 Cf. also Corollary [TTTl below. 

23 Recall that C(Ai) > for all i £ 7 (see the footnote to assumption l|5.3jl ). 
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whenever s G S is large enough. Furthermore, by the Cauchy-Schwarz inequality, 

\ k (x + Rj,vI)-k( x + Rj s ^I)\ < WvtWWR-y -Rn a \\<M\\Rrr-Rp a \\. 
As Rfi s — > i?7 strongly, the last two relations combined give 

which is equivalent to (jl2.6[) because of representation (112. ip . 

In order to establish assertion (|12.4[) . we now assume, on the contrary, that there is a set 
E C Ai of interior capacity nonzero with the property 

OiW*(x) < (w;,Y)g(x) for all x e E. 

Having chosen ui G £^ so that (g,ui) — cii (such a measure exists), we then obtain 

(W;,u) <<W^,7' i ). (12.7) 

To get a contradiction, for all r G (0, 1) and s G 5 we define p, s = (ji^)kei, where 

k = f nl - r(fi l s -u) if k = i, 
s ' \ fi a otherwise. 

Since then 

Rfi s = -onr{p % a + Rfj, a , 

Corollary 14.11 implies fi s G £ + (A). Actually, p, s G £ + (A,a,g) for all s G S, which in view of 
relations (f5T|) . §T2j) , and (fT2T]) yields 

G x (A,a, 5 ) <G X (AJ = ||i?A s l| 2 + 2 K (x^A s ) 

= II^JI 2 - 2a i m(ii/LX s) /4 - w) + r 2 ||^ s - w|| 2 + 2«( X , - 2a,rK( X , n\ - u) 
< G x (m.) - 2r(W^ s ,nl - w) + r- 2 Mr, 

Mi being positive. Passing here to the limit as s ranges along S, on account of (|9.1|) . (| 12 . G() 
and the continuity of (W*,o;) relative to fi G £ + (A) we get 

^ -2r(w;, 7 J -u) +r 2 M 1; 

which leads to (W^,7 l — w) ^ by letting r — > 0. This contradicts to inequality (I12.7[) . 

To complete the proof, assume now relations (|12.3[) and (|12.4[) to hold also with some r]i, i G /, 
in place of (Wl,7*). Using the fact that the union of two universally measurable sets with 
interior capacity zero has interior capacity zero as well (see [10]), for each i G I we then have 

aiWfa) ^ maxji;,, n.e. in A ( , 

which according to Lemma \3. 21 also holds /i*-a.e. in X for each s G S. Having integrated this 
relation with respect to n % s and then summing up the inequalities obtained over all i G I, on 
account of (fT2~2|) and (jT23J) we get 

k(x + Ry, Rfi s ) = (w;,»i) > Yl max {^> ( wi r> ^> } > E ^ 

= \ [ll7llI +( A) + G X (A, a, , 9 )] = £ (W*, 7 ') = «(* + i?7, ^7). 

iei 

which in view of the strong (hence, weak) convergence of (Rfi s ) se s to Ry proves (|12.5j) . □ 
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Corollary 12.1 For any r y,'y 1 € € x (A,a,g), it holds that 

(W; i ,f 1 ) = (W;,f) for all tel. 

Proof. Indeed, then ||'y — = by assertion (ii) of Lemma 19. 1( which in view of 

Corollary 14.41 yields W 7 = W- fl n.e. in X. Combining this with relation (|12.4j) . we get 

UiW^ix) > (W;,Y)g(x) n.e.ia4„ iel, 
which establishes the corollary due to the uniqueness statement in Theorem 112. II □ 



13 Proof of Theorem Q 

Fix A s & x (A,a,g,CL); it exists according to Theorem 17.11 with J = CL = I \ {£}. In 
consequence of Theorem 17.21 Theorem 17.31 will be proved once we establish the existence of a 
solution to the (main) (A, a, g, x)-problem under the hypothesis 

a t <(g,\ l ). (13.1) 

(Observe that the value on the right does not depend on the choice of A, which is clear from 
assumption ()7.6|1 in view of R\\ = R\2 for all Ai, A2 G & x (A,a, g,CL); see Corollary 19. II ) 

Let {Kg} a,, denote the increasing filtering family of all compact subsets Kg of Ag. For each 
Kg e {Kg} Ae , define the )-condenser A Kt = (Af') ieI by 

A? 1 := Ai for all i ^ £, Af l := K e . 

Lemma 13.1 There holds the following statement on continuity: 

G x (A,a,g) = lim G x (A Ke ,a,g). 

Proof. Fix fi € £ + (A,a,g). For every Kg e {Kg} a,, consider (i^ := \i 1 \ki, the trace of \x l 
on Kg. Applying jTQl Lemma 1.2.2], we then obtain 24 ! 

(<?,//)= lim (g,n £ Ke ), (13.2) 
«(X)M < )= Jim K(x,fi e Kf ), (13.3) 

KejAt 

K(jJ?,lS) = Jim K(fj, e K fi e K ), (13.4) 
K(n e ,Rn CL ) = lim K,(f/ K ,Rti CL ). (13.5) 

Choose a compact set X° C so that (g,/j, e K o) > 0, which is possible due to (I13.2j) . and for 
all Kg e {Kp^At that follow K® define Aa K(! — (Aa k ) ie/ i where 

Aa k := S for all i ^ £, fr" := ^ (13.6) 

\9>t*K t ) 

Since then ^ 



*See Section [7] for the notation fij. 
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from Corollary 14. II we get Aa a - 4 e £ + {A-K e , a, g), and hence, by (|5.ip and (|13.2|) - (|13.6p , 
G X ( M ) = \\R»cl\\ 2 - 2k(S,Rh cl ) + ||//|| 2 + 2k( x ,Rvcl) - Mx^) 



= \\Rhcl\\ 2 +Mx,R»cl) + J™ {[[/&_ |[ a -2K(A t ,RHcL) ~ Mx, Va k ,)} 
= j& 0^*, l|2 + 2k(x ' )} > ^ G x (A^,a, <?), 

which in view of the arbitrary choice of fi £ £ + (A, a, proves 

G x (A,a,g) ^ Jim G x (A Kf ,a, 3 ). 

Since the converse inequality is obvious, the lemma is established. □ 

In the rest of the proof we assume G x (Ax t , a, g) < oo for all Kg E {-fQ}^, which involves no 
loss of generality because of condition (I5.3[) and Lemma fl 3. II Then, according to Theorem l5.ll 
for every Ax t there exists \a K( G &x(Aki,Q', g), while in consequence of Lemma ll3.il these 
minimizers form a net minimizing in the (A, a, g, x)-problem, i.e. 

i*A Kt )K t e{K t } At €M x (A,a )9 ). (13.7) 

Fix a (particular) extremal measure 7 G € x (A,a,g) that is a vague cluster point of the net 
(\a Ki )K e G{K e } Ae i ^ exists due to inclusion (| 13 . 7[) and assertion (i) of Lemma 19. II 

Lemma 13.2 For this (particular) extremal measure 7, it holds that 

OiWifix) < (W^^gix) for all x G 5( 7 l ), i £ I, (13.8) 
and therefore, in consequence of relation (| 1 2.41) . 

a,W^(x) = (VK;, 7 4 )<7(x) n.e. in S(f), i e I. (13.9) 

Proof. Fix i £ J and £0 G S^ 1 )- Passing to a subnet if necessary, assume {^a k )k 1 e{k 1 }a 
to converge vaguely to 7. Then one can find Cfq G ^(-^a^ ) sucn tnat Ck« ~ ^ ^0 as Ke t 

Note that, under the standing assumptions (cf. also Remark [6.ip . [36l Theorem 7.2] is applicable 
to each of \a Ki , G {Ki}a ( - This gives 

Oi^L^ (C*J < (wi AKt , ^A Ke )g{C Ke ). (13.10) 

Another observation is that, according to (|12.6[) with (\a k )k 1 e{k 1 } a instead of (/LX s ) se s, 

(W;,^)= (^a a ,Ak K > (13.11) 

Having substituted (|12.ip with fi = \a k into the left-hand side of inequality (|13.10p , we pass 
to the limit as Kg j' Ag. In view of (| 13 . 1 1[) and the lower semicontinuity of /; = aiK,(x, x) on Ai 
(see Rem.ark l6.ip . we then see that assertion (|13.8[) will be proved once we establish 

K(x ,i?7~)= lim k((k,,RX a ' ) and K(x ,i?7 + )^ lim K(Ci< e ,R\t w ), 

K i J \A l K t Kff[Ai I 



but these two follow directly from Lemma 13.51 and the lower semicontinuity of the mapping 
(x,v) h-> k(x, v) on X x 971+ (X) (see [101 Lemma 2.2.1]), respectively. □ 
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Applying Lemma llO.il to 7, we get (g,j l ) — flj for all i ^ £, so that 

~fe£ + (A,a,g,CL). (13.12) 
We next proceed to show that, due to the additional requirement (|13.1|) . it also holds 

{g^) = a t . (13.13) 

Lemma 13.3 It is true that (W*,'f) ^ 0. 
Proof. Assume, on the contrary, that 

(1^, 7 £ )=0. (13.14) 
Then, according to (|12.2|) with fi = n 1 = 7, 

E W^') = E (Krf) = «(* + R i> ( 13 - 15 ) 

As all the coordinates of the given A G & X (A, a, g, CL) are bounded by Corollary 18. 1| for each 
i G I relation (|12.4[) holds A l -a.e. in X; that is, 

OiW*(a;) (W^T*)^) A 4 -a.e. in X, iei. 

Having integrated this relation, divided by ai, with respect to A' and then summing up the 
inequalities obtained over all i G /, on account of equalities (113. 140 . (|13.15|) and (5, X 1 ) = 
for all i I we get 

E W A ' ; ) ^ E M^ 9 ' A*} = E W 7 J ) = «(X + #7, i?7), 

iei iei ai 3+1 

which because of ()12.2|) with fj, = 7 and /x x = A can be rewritten in the form 

k(x + R-f, Rj) «S k(x + Rj, RX) 

or, equivalent ly, 

||x + i?7ll 2 < k(x + Rj,x + R*)- 

Applying the Cauchy-Schwarz inequality and, subsequently, identity (|5.ip . we then obtain 

G x ( 7 )^G x (A,a, 5 ,Ci), 

which in view of inclusion (|13.12j) yields 7 G & X (A, a,g, CL). 
By relation (|13.1|) and the observation following it, we thus get 

(g,i f ) > at- 

Since this contradicts to relation (19.31). the lemma is established. □ 



Now, having integrated (|13.9[) for i = £ with respect to the (bounded) measure 7% on account 
of Lemma Tl3. 31 we obtain (|13.13|) . which together with inclusion (113.120 shows that, actually, 
7 G £ + (A. a, g). Combined with Corollary 19.21 this proves that 7 is, in fact, a solution to the 
(A, a, g, x)-problem, and Theorem 17.31 follows. □ 
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